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ABSTRACT

Reinforcement learning (RL) is a powerful machine learning technique that enables an intelligent agent
to learn an optimal policy that maximizes the cumulative rewards in sequential decision making. Most of
methods in the existing literature are developed in online settings where the data are easy to collect or
simulate. Motivated by high stake domains such as mobile health studies with limited and pre-collected
data, in this article, we study offline reinforcement learning methods. To efficiently use these datasets for
policy optimization, we propose a novel value enhancement method to improve the performance of a
given initial policy computed by existing state-of-the-art RL algorithms. Specifically, when the initial policy
is not consistent, our method will output a policy whose value is no worse and often better than that of
the initial policy. When the initial policy is consistent, under some mild conditions, our method will yield a
policy whose value converges to the optimal one at a faster rate than the initial policy, achieving the desired
“value enhancement” property. The proposed method is generally applicable to any parameterized policy
that belongs to certain pre-specified function class (e.g., deep neural networks). Extensive numerical studies
are conducted to demonstrate the superior performance of our method. Supplementary materials for this
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1. Introduction

Reinforcement learning (RL, see e.g., Sutton and Barto 2018) is
concerned with how agents take sequential actions in dynamic
environments, with the main goal of maximizing the cumulative
rewards they receive. In recent years, we have seen tremendous
achievements of RL in artificial intelligence (AI). For example,
AlphaGo (Silver et al. 2016), one of the most successful appli-
cations in AI, makes use of reinforcement learning and deep
learning algorithms for teaching machines to play the board
game called Go, and has beaten many top human players. The
appealing performance of RL has also been demonstrated in
many scientific fields. In medical applications, RL has been used
to help clinicians make better treatment decisions for patients
with sepsis (Komorowski et al. 2018). In economics, econo-
metricians often study dynamic discrete choice models (Rust
1987) in order to understand the behavior of rational agents,
which is similar to the inverse RL problem (Abbeel and Ng
2004). In operations research, RL has been widely applied to
business operations such as supply chain management, finance
and logistics (Hubbs et al. 2020). For an overview of various
applications of RL, we refer to Section 5 of Li (2017).

Our research in this article is partly motivated by recently
emerging mobile health (mHealth) studies. Advancements in
mobile and sensor technologies provides us with a unique
opportunity to deliver health interventions at anytime and

anywhere for promoting healthy behaviors such as regular
physical activities and preventing drug abuse, etc. For example,
the OhioT1DM dataset (Marcolino et al. 2018) was developed
for promoting blood glucose level prediction in order to improve
the health and wellbeing of people with type 1 diabetes. It
contains data information of 6 people for 8 weeks. For each
patient, their treatment information was collected during insulin
pump therapy with continuous glucose monitoring (CGM). In
addition, blood glucose levels and self-reported times of meals
and exercises were also constantly measured and recorded via a
custom smartphone app. Finding an optimal insulin pumping
policy for each patient at different scenarios may potentially
improve their health status (Shi et al. 2020b). This matches the
goal of RL algorithms.

A fundamental question we aim to investigate here is how to
learn an optimal policy efficiently from the batch data in high-
stake domains such as mHealth. Solving this question faces at
least two major challenges. First, different from the standard
clinical trial data, mobile health data usually consist of a large
number of decision points for each patient but the number of
patients may be limited (e.g., in OhioT1DM dataset, 6 patients
with a few thousands decision points). This posits a unique
challenge for searching an optimal policy. In statistics, there is
a rich literature in studying dynamic treatment regimes (DTR,
see e.g., Murphy 2003; Qian and Murphy 2011; Chakraborty and
Moodie 2013; Zhao et al. 2015; Shi et al. 2018; Wang et al. 2018).
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For a review of DTR, see Laber et al. (2014), Kosorok and Laber
(2019), and Tsiatis et al. (2019). However, these methods are
mainly designed for only a few treatment decision points and
often require a large number of patients in the observed data in
order to be consistent.

Second, different from online RL domains such as video
games, where actively interacting with the environment is fea-
sible and data are easy to generate or simulate, in some high
stake domains, data are often pre-collected according to some
experimental design and very limited. With such limited data,
it is essential to study how to efficiently learn the optimal policy
from the batch data. We remark that the main focus of RL in
the computer science literature is for online learning. Among all
the methods available, Q-learning is arguably the most popular
model-free RL algorithms (Watkins and Dayan 1992). It derives
the optimal policy by learning an optimal Q-function (see the
definition of Q-function in Section 2.2). Follow this line of
research, variants of Q-learning methods have been proposed
including the fitted Q-iteration (FQI, Ernst et al. 2005; Fan et al.
2020a), deep Q-network (DQN, Mnih et al. 2015), among many
others. Policy-based learning is another class of RL algorithms
that searches the optimal policy among a parameterized policy
class. Some popular algorithms include REINFORCE and actor-
critic methods (see e.g., Sutton and Barto 2018, chap. 13). Since
these algorithms are primarily motivated by the application of
developing artificial intelligence in online video games, their
generalization to offline settings such as mobile health applica-
tions remain largely unexplored.

To address the first challenge, we model the observed data by
a time-homogeneous Markov decision process (MDP Puterman
1994). This framework is particularly suitable to model the data
collected from mobile health studies where the total number
of decision points are often large (see e.g., Liao, Klasnja, and
Murphy 2019; Liao, Qi, and Murphy 2020). The assumptions of
Markov and time homogeneity enable a consistent estimation of
the optimal policy even with only a few patients.

To address the second challenge, we develop a novel proce-
dure to derive the optimal policy. Recently, a few algorithms have
been developed in the statistics literature for policy optimiza-
tion in mHealth applications (Ertefaie and Strawderman 2018;
Luckett et al. 2020; Liao, Qi, and Murphy 2020; Hu et al. 2021).
In particular, Liao, Qi, and Murphy (2020) proposed a statisti-
cally efficient batch policy learning method under the average
reward MDP. However, due to the policy dependent structure of
nuisance functions such as Q-function and the marginal density
ratio, their proposed algorithm is computational inefficient as
it requires updating the nuisance functions estimation in each
iteration of their policy gradient decent algorithm. Instead of
proposing a specific algorithm for policy optimization, we devise
a “value enhancement” method that is generally applicable to
any given initial policy computed by some state-of-the-art RL
algorithm to improve their performance. Basically, after employ-
ing some computational efficient RL algorithm and obtaining an
initial policy, we take a one-step update of this policy via effi-
ciently estimating the value enhancement component (defined
in Section 2.3) and solving a constrained optimization problem,
thus, taking advantage of computational efficiency from existing
state-of-art RL algorithms without requiring iteratively updating
the nuisance functions. More importantly, the proposed proce-

dure guarantees that when the initial policy is not consistent,
the output policy by the proposed algorithm is no worse and
often better than the initial policy. If consistent, our method will
yield a policy whose value converges to the optimal one at a
faster rate, achieving the desired “value enhancement” property.
Recently, in the computer science literature, Kallus and Uehara
(2020) developed an offline policy gradient algorithm that con-
sidered statistically efficient estimation of the policy gradient.
Our proposal differs from theirs in that we focus on developing a
general value enhancement tool that is applicable to any existing
RL algorithms to improve their performances.

Our method is inspired by Lemma 6.1 in Kakade and Lang-
ford (2002) and the trust region policy optimization algorithm
by Schulman et al. (2015), which was originally designed for the
online setting. A key observation is that, the value difference
between any two policies can be decomposed into a first-order
component and a higher-order remainder term. The higher-
order term can be lower bounded, based on which a minoriza-
tion function can be constructed for the value function of any
policy. One big advantage of working with this minorization
function is that it intrinsically disentangles the policy-dependent
structure of nuisance functions. This ensures the computational
efficiency of the proposed algorithm.

The key “value enhancement” property relies crucially on
statistically efficient estimation of the first-order term in the
decomposition. In online settings, Schulman et al. (2015) pro-
posed to simulate data trajectories to estimate this quantity.
However, in offline settings, it remains unknown how to effec-
tively evaluate this quantity based on the observed data. By
leveraging semi-parametric statistics, we develop a triply robust
estimator for the first-order term that is shown to achieve the
efficiency bound when compared to the initial policy. By opti-
mizing the proposed estimator, we are able to improve the value
of the initial policy. The triply robustness property guaran-
tees that the “value enhancement” property holds even when
some nuisance function models are misspecified. The semi-
parametric efficiency guarantees that the value can be enhanced
at a sufficiently fast rate. This ensures the statistical efficiency of
the proposed algorithm, which is necessary in the offline setting.

In theory, we establish the value enhancement property
under mild conditions on the nuisance function estimators. In
particular, we only require them to converge at a nonparametric
rate. See Section 4 for details. This nice property is achieved
mainly due to the innovative way we put together these nuisance
function estimators, which leads to the triply-robust estimator
with a parametric convergence rate for the first-order term.
In addition, we remark that all our theoretical results related
to estimation are established in terms of total decision points,
thus, showing the proposed method is generally applicable even
when the number of trajectories is small but the length of each
trajectory is large, which is commonly seen in the mobile health
applications.

The rest of this article is organized as follows. In Section 2, we
introduce the offline RL problem in the framework of a time-
homogeneous MDP and review the trust region algorithm. In
Section 3, we present our value enhanced policy optimization
method and the related estimation. In Section 4, we study statis-
tical properties of our algorithm. In Section 5, extensive numer-
ical studies including a toy example demonstrating the value



enhancement property, a real-data driven simulation study and a
real data application are conducted to demonstrate the superior
performance of the proposed method. Finally, we conclude our
article in Section 6. All technical proofs and details can be found
in the Supplementary Material.

2. Preliminaries

This section is organized as follows. We first introduce the offline
data structure and describe the model setup in Section 2.1. In
Section 2.2, we introduce some notations needed to derive our
method. In Section 2.3, we review the trust region policy opti-
mization (TRPO) method proposed by Schulman et al. (2015)
for online learning.

2.1. Value Function and the Optimal Policy

Consider a single trajectory {(S;, Az, Ry)}i=0 where (Si, As, Ry)
denotes the state-action-reward triplet collected at time ¢. We
use S and A to denote the state and action space, respectively.
We assume S and A are discrete, and rewards R; are uniformly
bounded. The discrete state space assumption is imposed only
to simplify the presentation and the theoretical analysis. Our
proposed method is equally applicable to settings with con-
tinuous state space as well. The observed data consist of N
trajectories, corresponding to N independent and identically
distributed copies of {(St, As, R¢)}i=0. For any i = 1,...,N,
data collected from the ith trajectory can be summarized by
{(Sit»Aits Rit> Sit+1)}o<t<T;» where T; denotes the termination
time for the ith trajectory.

A policy defines the agent’s way of choosing the action at
each decision time. A history-dependent policy 7 is a sequence
of decision rules {m};>¢ such that each 7; maps the observed
data history S; = S; U {Sj, A, Ri}o<j<t to a probability mass
function on A, denoted by 7+(-|Ss). When each m; outputs a
value in A, 7 is referred to as a deterministic policy. Under n,
the agent will set A, = a with probability ,(a|S;) at the tth
decision point. Suppose there exists some function 7 such that
7:(:|S;) = 7 (-|S) almost surely for any ¢, then 7 is referred to
as a stationary policy.

The primary goal of RL is to identify an optimal policy that
maximizes the cumulative reward that the agent receives. To
formally state this objective, we define the value function

+00

V() =) v E RS =), (1)

t=0

where E” denotes the expectation assuming the actions are
selected according to 7, and 0 < y < 1 denotes some
discounted factor that balances the tradeoff between immediate
and future rewards. We aim to learn a policy that maximizes the
following integrated value function,

V() =) V() 2)

seS

where v denotes some known reference distribution function on
S. The known of reference distribution is a typical assumption in
RL literature. We assume v(s) is uniformly bounded away from
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zero for any s € S. When N is large, one may alternatively set v
to the distribution function of S and estimate it via the empirical
distribution function of the data samples {S;0}1<i<n-

The following assumptions allow us to focus on stationary
policies and serve as the foundations of the existing state-of-the-
art RL algorithms:

(A1) Markov assumption with stationary transitions: there exists
a Markov transition function p such that for any t > 0,a € A
ands,s € S,

Pr(Se41 = 5'|Ar = a,8¢ = 5,{Sj, Aj, Ri}o<j<t) = p(s']a, ).

(A2) Conditional mean independence assumption with stationary
reward functions: there exists some function r such that for any
t>0,seSandac A,

E(R¢[S: = s, At = a,{Sj, Aj> Rj}o<j<t)
=ERS: = s, At = a) =r(s,a).

These two assumptions require the future state and the con-
ditional mean of the immediate reward to be independent of
the past observations given the current state-action pair at each
decision time t. Under these assumptions, there exists an optimal
stationary policy 7 °P* whose value function V7 *(s) is no worse
than V7 (s) for any history-dependent policy 7 and any s €
S (Puterman 1994, sec. 6.2). Consequently, it also maximizes
the integrated value function V(). (A1) and (A2) are testable
from the observed data. See the goodness-of-fit test proposed
by Shi et al. (2020a). In practice, to ensure the Markov property
satisfied, we can construct the state by concatenating measure-
ments over multiple decision points till the Markov property is
satisfied (see Section 5.2 for details). To guarantee the transition
probability p and the reward function r are time-homogeneous,
we can include some auxiliary variables (e.g., time of the day)
in the state. Hereafter, we restrict our attentions to the class
of stationary policies that belong to certain pre-specified class
IT (e.g., linear or neural networks). For any = € TII, we use
7 (e|s) to denote the probability mass function on A that the
agent will follow when the state value is s. We aim to learn
7% € argmax__; V() based on the observed data.

To conclude this section, we impose one additional assump-
tion that is commonly assumed in the literature to handle offline
data (Sutton and Barto 2018):

(A3) The data are generated by some fixed stationary policy
denoted by b. In addition, the stochastic process {(As, S¢)}i>0 is
stationary.

Under (A1) and (A3), the process {(A¢, St) }1>0 forms a time-
homogeneous Markov chain. We use p, to denote the stationary
distribution of the state-action pair. Suppose poo(a,s) is uni-
formly bounded away from zero for any a € A,s € S. The
stationarity of {(A;, St)}s>0 is assumed for convenience, since the
Markov chain will eventually reach stationarity. For the ease of
presentation, throughout this article, we assume (A1)-(A3) hold.

2.2. Additional Notations

Foranya € A, s € S, we define the following action-
value function associated with a given policy m as Q" (a,s) =
YIS YIET(R|Ag = a,Sy = s), better known as the Q-
function. By definition, it is equal to the discounted cumula-
tive reward the agent receives when the initial action-state pair
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equals (g, s) and all subsequent actions follow 7. By (1), we have
VT (s) = ) ,ea(als)Q” (a,s) for any 7.

The advantage function A™ over A x S associated with 7 is
defined by the difference between the Q-function and the value
function, that is, A" (a,s) = Q" (a,s) — V7 (s) forany a € A and
s € S. It represents the gain of the expected cumulative reward
by performing the action a rather than following 7 at the initial
stage. By definition, we obtain

> w(als)A™ (a,5) =0,
ac A

for any s, 7. (3)

We next introduce the discounted visitation probability.
For any t+ > 0, let p7(s'|a,s) denote the t-step visitation
probability Pr*(S; = s|A¢g = a,S9 = s) assuming the

actions are selected according to 7 at time 1,...,f — 1. When
t = 0, pf (s'|a,s) becomes the point mass function I(s' = s)
where I(-) denotes the indicator function. When t = 1, p}

equals the transition function p defined in Condition (Al). We
define the conditional discounted visitation probability function
as d"(s'la,s) = (1 — )Y 1o ¥'PF(]a,s). Letd™V(s) =
Y ses 2oaca T(als)d™ (s'|a, s)v(s), be the integrated discounted
visitation probability function. Assume the actions are selected
according to 7 and the initial state follows the distribution v.
Then d™V corresponds to the probability mass function of a
state S* that is a mixture of the random variables {S;};>0 with
the corresponding mixture weights {(1 — ¥)y'}¢>0.

Finally, we introduce the discounted stationary probability
ratio. For any 7, define

(1= =s,d =a)+
Yo ¥ @ 19)p7 (510, 9))

Poel@5) |
By definition, the denominator in (4) corresponds to the sta-
tionary distribution of (A, S;). When the system follows ,
the numerator corresponds to the probability mass function of
the state-action pair (A*, S*) that is a mixture of {(A¢, St)}e>0
conditional on the event that (Ag, So) = (a,s). We thus refer
to w” as the conditional discounted stationary probability ratio.
Similarly, define w™"(a',s") = ), mw(als)v(s)w™ (d,5;a,s)
as the integrated discounted stationary probability ratio. We
remark that these probability ratios play an important role in
constructing debiased value function estimators for off-policy
evaluation (Kallus and Uehara 2019; Shi et al. 2021).

(4)

o™ (d,s;a,s) =

2.3. Trust Region Policy Optimization

The following equation forms the basis of TRPO (Kakade and
Langford 2002, Lemma 6.1),

(1 = )V (rpew) — V(o) }

= ) Tnew(al9)A™H (g, 5)d™e (s), (5)
acA,;seS

for any two policies 7w41g and 7pew, Where A” and d™¥ are defined
in Section 2.2. Based on (5), for any given initial policy woq € I1,
it is tempting to directly search mpew € Il that maximizes an
estimates of the right-hand side (RHS) of (5). However, such a
direct search method is computationally challenging, due to the
complex dependency of d™¥¥ on myey. In general, it is difficult

to construct an estimator that has an explicit form of solution
in terms of mpey for d™ev¥. The gradient of the corresponding
estimator for (5) is extremely difficult to compute, and thus
gradient-type methods are hard to apply.

To make the computation feasible and efficient, Schulman
et al. (2015) considered approximating the RHS of (5) by

M (Tnews Told) = Y. Tnew(als) A4 (a, )d™4 (5).  (6)
acAseS

Note that the discounted visitation probability in (6) now
depends on g, rather than myew. The quantity (1—y)V(7wo1q) +
N1 (Tnew> Told) can be viewed as a first-order approxima-
tion of (1 — )V (pew). To elaborate this more, note that
N1 (Mnew> Told) can be rewritten as Zae_A,seS{aneW(a'S) —
old(als) }ATold (a, s)d™oldY (s), by (3). It then follows from (5)
that

(1 = Y)YV (new) = (1 — ¥)V(7old)

+ ) {Tnew(@ls) —mola(als) AT (a, $)d™" (s)
acAseS

N1 (Tnew>Told)

ZaEA,seS {7Tnew(als)—mo1a(als)}

+ ATold (a) S){dﬂnew’v(S)—d”old")(s)} >

12 (Tnew-Told)

where 12 (7Tpew, 7Told) corresponds to a higher-order remainder
term. To quantify this higher-order remainder term, for any two
probability distributions w1, 2 on A, we use Dy (i1, 42) to
denote the total variation distance 271} aeA l1(@) — pa(a)l.
Let

Dxr(u1, p2) = ) p1(@) log{ui (a)/ 2 (@)}
ac A

denote the Kullback-Leibler (KL) divergence from p; to ;. In
Lemma A.1 (see Appendix A.1), we show that

12 (Trew Told) | <¢* [Egs ~gmoiav Drv (old (0]S™), nnew(.|S*))]2
< "Egsgroia» DxL (”old(.|8*)> nnew(.|S*)) >

(7)
for some positive constant ¢* > 0. The first inequality in
(7) implies that |12 (7Tpew, Told)| is indeed a second-order term.
Based on this observation, we consider a policy optimization
procedure by maximizing a lower bound of (5), given by

Tnew € argmax, .y [11(7, 7old)
— " Egegmoar DKL (To1d (01S¥), 7w (0[S*))].  (8)

Iteratively solving the above optimization yields a type of
minorization-maximization (MM) algorithm (Hunter and
Lange 2004) as we can see when 7w = 1,4, the objective function
in (8) becomes 0 and (1 — y)V(;r) becomes (1 — y)V(7o14)-
So one can guarantee that (5) is always nonnegative after
optimization. Therefore, this type of algorithm can greatly
reduce the computational cost by circumventing computing
d™ewV and meanwhile monotonically improve the integrated
value function. However, in practice, it may be hard to robustly
choose the penalty coeflicients ¢* in (8). To resolve this issue,



one can consider iteratively solving the following equivalent
optimization problem with a so-called trust region constraint:

Tnew € argmax, .y 11 (7, old)

9
subject to Egegmoiav DKL (Tola(0]S¥), 77 (0]S¥)) < 6, ©)

for some constant § > 0. This yields the TRPO algorithm.

3. Value Enhanced Policy Optimization

In this section, we first present the motivation of our method.
To implement TRPO, we need an estimate for 1; (7, 7o4). In
online settings, Schulman et al. (2015) proposed to simulate
trajectories following the policy 7|4 to estimate 1; (77, 7oq). In
offline settings, it remains unknown how to effectively evaluate
this quantity based on the observed data. By its definition, we
note that 7; depends on the nuisance functions A™ld and dold-".
A naive method is to first estimate these quantities (denote by
A and d”) and then use the corresponding plug-in estimators
M = Ea 30D seu n(a|S*)A(a S§*) to estimate n; (7, To1d).
However, such a procedure suffers from the following three main
drawbacks:

1. TIteratively computing the optimization problem (9) can still
be computationally expensive as the policy-dependent nui-
sance functions need to be updated at each iteration, espe-
cially when we do not have the closed-form expression for
estimating these nuisance functions such as d". Therefore, it
may not be desirable to directly 1mplement TRPO method.

2. When either A or d" is not consistent, 71 might not be con-
sistent. Consequently, there is no guarantee that the resulting
new policy 7pey can outperform g

3. To ensure both A and d” are both consistent, one might
consider estimating these functions nonparametrically. Even
when both of them are consistent, the plug-in estimator 7;
might not be rate-optimal, that is, (N T)~1/2, due to that the
nonparametric estimators A and d” usually converge much
slower than (NT)~1/2. Consequently, compared with g,
the improvement by mpeyw may be marginal, resulting in a
slow convergence rate to the optimal policy.

To address the first concern, we propose to first apply some
existing state-of-the-art offline RL method to obtain a good
initial policy. Several methods can be applied here, including
the conservative Q-learning (CQL, Kumar et al. 2020), FQI,
V-learning, among others. CQL and neural FQI use neural
networks to index the policy class and V-learning considers a
parametrized policy class indexed by a finite-dimensional vec-
tor. Note that these methods basically rely on the estimation of
value or Q-functions. They are more computationally efficient
than the iterative procedure described in (I). The value functions
under initial policies obtained by these algorithms, if consistent,
may converge at a slow rate as a tradeoff for fast computation.
In the second step, we propose to solve (9) to improve their
performances. This corresponds to a one-step update of the ini-
tial policy. One may also update this new policy for a few times
to ensure the final estimated policy achieves a fast convergence
rate. To remove the dependence between the initial policy and
our policy optimization, we incorporate a data-splitting strategy,
which is commonly seen in statistics and machine learning, for
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example, Chernozhukov et al. (2018), and Kallus and Uehara
(2019). The detailed procedure is described in Section 3.2.

To address the second and the third concerns, we develop
an efficient and robust estimating procedure for 7, which is
described in Section 3.1. Specifically, when the input policy 7,1q
is consistent, we can guarantee that the output policy mpew by
solving (9) achieves the desired “value enhancement” property.
We call this set of methods “value enhanced policy optimization
(VEPO)”. An overview of our algorithm is given in Section 3.2,
which integrates Q-learning, discounted stationary probabil-
ity ratio estimation, transition dynamics estimation and policy
search. We then discuss each component in the rest of the
section.

3.1. An Efficient and Multiply Robust Estimator for 3,

For a given mo1q € IT, we first outline three potential approaches
(see (i)-(iii)) to estimating 1 (7, woq) from the observed data.
Each of these methods requires some nuisance functions to
be consistently estimated. We then present our proposal that
combines these three methods to achieve efficient and triply
robust estimation. ~
(i) Plug-in estimator: ﬁgl) = Egu 3 D sea 7(alSH)A(a, ).
This is the plug-in method discussed earlier. The validity of 'ﬁil)
requires the consistent estimation of d™old¥ and A7old,

(ii) Importance sampling (IS) estimator I:

N T;—1

Z > Egp Y {m(alsh)

’ i=1 t=0 ac A
—7o1d(alS*)}@(Aiy, Sigs a, SRy,

~(2)

(10)

where @ denotes some estimator for the conditional discounted
probability ratio w™l. See (4) for a detailed definition. The
validity of ;7~§2) requires consistent estimation of both 4"0¢-” and
™4, Such an IS estimator is motivated by the work of Liu et al.
(2018) on the off-policy value evaluation. A key observation is
that, under (A2) and (A3), Q" (a, s) can be represented by

Y =sd =a)+ ) y'n@|s)p] e, a)
a,s >1
1
= ——Eo" (A, S:a,9)Ry,
1—vy
for any t, s, and a. This yields the following IS estimator for
A" (a,s):

Ti—1

N
Z 3 YW@ = @) — 7 (@193 (A, S )Ry

l’zltheA

Plugging in the above estimator for Al (a, s) and d” for dmoi?

yields (10).
(iii) IS estimator II:
N Ti—-1
Y = Z 3N w@lSi)A(@, $i0@ (Aigs Si), (1)
2T i=1 =0 acA

where @” denotes some estimator for the integrated probability
ratio @Y. The validity of ﬁ?) requires consistent estimation
of d™¢¥ and the integrated probability ratio @™V, To motivate
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this estimator, we observe that the expectation Eg v f(S) can
be rewritten as Ef (S;)w™" (A, St), for any function f, policy &
and decision point . Consequently, we can represent 7; by

E ) 7(alS)A™H (a, $)w™ " (Ar, S)).
ac A

This yields the IS estimator in (11).

We note that each of the above estimator may be severely
biased when the corresponding estimated nuisance functions
fail to be consistent. Toward that end, we develop a multiply
robust estimator by carefully combining the estimating strate-
gies used in (i)-(iii). Meanwhile, the resulting estimator requires
much weaker assumptions to achieve consistency. Let o be a
shorthand for a data tuple (s,a,7,s’). The key to constructing
our estimator is the following estimating function,

W (03 7T, Tolds \7,2,5,2)
= wl (7[: ﬂold,A, d)
+¥2(0; 71, 0010, V, A, @, d) + Yr3(0; T, o145 A, @, d),

for some given nuisance functions V, A, @, and d, where,

Y1 (7, Tois A, d) = Bg, 5 ) w(alSHAa, SY),
ac A
Y2(05 7, Toas V, A, @, d)

1 ~
= :Es*wav D (a*(S*) — moa(a|S¥)}a(a, 55 a*, $%)
a*e A

x{r+y V() = Vis)
_ Z @"(a,s)
a*e A 1—-vy
~Eg oo A@ SHT(@ S + (1= y)m(@*|9A(a",s)],

— A(a,$)}¥3(0; 7, o> A, 3, d)

VB rgatoitrs~ola A5 ST (@18)

where the nuisance functions d” and 3" Jaredetermined byE and
o, given by d"(e) = ), mola(als)v(s)d(e|a,s) and " (e, ) =
Y as Told(@als)v(s)@(e, @5 a,s).

By definition, Y consists of three terms. The first term v
is essentially the plug-in estimator that depends only on A and
d. The second and third terms, that is, Y, and 3, are the
augmentation terms. Let Ot = (§, An Ry, St+1) for any t, we
have Evyr, (Oy; 7, o1ds V, A, a) d) 0 when A = A%, V =
V7old and Eyr3(Oy; 7, nold,A o, d) 0 when d = d™d, See
Appendix A.2 for details. The purpose of adding these two terms
is to offer an additional protection against the potential bias of
Y1 resulting from the biases of A and d. Therefore, we have the
following proposition.

Proposition 1. Suppose da nold(als)Z(a s) = 0 for any s. Then
Y (Op 7, Tolds V,A,®, d) is unbiased to 1, as long as one of the
following three assumptlons are satisfied: (B1) A = A”04, V =
V7old and d = d™old; (B2) @ = w™l and d= d™ld; (B3) A=
Aol and @ = @™,

The condition Z nold(a|s)A(a s) is automatically satisfied
if we set A(a s) = A*a,s) — ), nold(a|s)A*(a s) = 0 for any
initial advantage estimator A*. We remark that if Q™ s cor-
rectly specified, so do A4 and V7eld, Based on this estimating

function, a triply-robust estimator for 7 is given by

| NIl
—Tzzw(oi,t;n,ﬂold, A, @, d),
Pi=1 t=0

where O;y = (S, Air, Rig, Siey1). It remains to specify the
estimation of nuisance functions. We present the details in the
next section. In Section 4.2, we show the resulting estimator is
efficient.

(12)

3.2. The Complete Algorithm

Our main idea is to construct an efficient and robust estimator
for n; to improve the performance of an initial policy moq.
To achieve this goal, we need to estimate four key nuisance
functions: (a) An initial policy mo14; (b) The value and advantage
function V7old and A”od; (¢) The conditional discounted sta-
tionary probability ratio w™d; (d) The conditional discounted
visitation probability function dold.

Correspondingly, our estimating procedure involves four key
steps, described in Sections 3.2.1-3.2.4, respectively. In addition
to these four main estimating components, we also propose to
couple the estimator in (12) with a data-splitting and cross-
fitting strategy. Specifically, without loss of generality, we ran-
domly divide the indices of all trajectories {1,2,...,N} into L
subsets U%zl{Oi,t},-eI(,ofkTi with equal size, where Z; denotes
the indices of trajectories contained in the £th data subset. We
next apply the learning components in (a)-(d) to the data subsets
inZ; = {1,...,N}\Zy for £ = 1,...,L and construct the
estimator 7); via cross-fitting. Cross-fitting essentially guarantees
that the dataset used to learn (a)-(d) is independent of the
dataset used to construct 77;. This allows us to avoid imposing
Donsker-typed conditions, which limit the growth rate of the
VC dimension of the estimators for (a)-(d) (Chernozhukov
et al. 2018), to achieve desirable properties of our procedure.
Then we propose to search ey that maximizes 77 subject to
the trust region constraint in (9) with d™¢¥ replaced by its
corresponding estimator. This corresponds to a one-step update
of the initial policy. After computing mnew, We can repeat the
above procedures a few times to guarantee the final estimated
policy achieves a fast convergence rates. See Section 3.2.5 for
details. A pseudocode summarizing our approach is given in
Algorithm 1.

We remark that it is not necessary to develop a robust and
efficient estimating procedure for the integrated KL divergence
in the trust region constraint, due to the fact that it corresponds
to a higher-order remainder term for the value difference (see
Lemma A.1 in Appendix A.1). Our proposal works as long as
d™eY and its estimator have the common support. This condi-
tion is automatically satisfied when the reference distribution v
is uniformly bounded away from zero on S.

3.2.1. Step 1:Initial Policy Optimization

First, to initial our VEPO algorithm, we need to estimate an
initial policy denoted by 1o4. We propose to apply some existing
state-of-the-art offline RL algorithm on the data subset Z; and

obtain resulting estimated policy denoted by 7 5 for £ =

I,...,L. For the ease of presentation, we often write n(fd)l as



Algorithm 1 Value enhanced policy optimization

Input: A policy class IT and the observed data.
Output: An updated policy mTney.

Step 0. Randomly split the trajectories into L disjoint subsets,
Uk Ty LetZ¢ = {1,...,N} — Iy, for £ = 1,..., L.

1. For £ = 1,...,L: apply some existing state of art
offline RL algorithm to obtain the input initial policy
Told using the data subset Zj. Denote the resulting
policy as (ES

2. For{=1,...,L:

(a) Apply fitted-Q evaluation (see (14)) to estimate

©
the Q-function Q™old, based on the data subset in
Z¢. Denote the resulting estimator by Q©).

(b) Set \7“)(5) =, néﬁ(ms)a“)(a, s) for any s
and A (a,s) = /Q\(Z) - v® (s) for any a and
s.

3. For £ = 1,2,...,L, apply the method detailed in
Section 3.2.3 to learn a conditional probability ratio
@9, based on the data subset Z{.

4. For ¢ = 1,2,...,L, apply machine learning methods
to approximate the conditional distribution of S;+;
given A; and §;, using the data subset Z;, which can
be used to generate the pseudo sample. The pseudo
sample can then be used to approximate the distribu-

tion function d™id and dod" (see Algorithms 2 and
3).

5. Construct the estimator for 7; and update the corre-
sponding policy:

(a) Apply cross-fitting to construct the value differ-
ence estimator 77 (see (19)).

(b) Use the estimated dynamic to construct the trust
region constraint (see (20)).

(c) Search mpey € I that maximizes 7 subject to
(20).

6. Set all néﬁ to pew for £ = 1,..., L and repeat Steps
2-5 a few times.

7'[(58 when there is no confusion. Specifically, in our numerical
studies, we implement three offline RL algorithms to obtain
our initial policies. The first one is FQI using the idea of value
iteration with function approximation (Sutton and Barto 2018).
It relies on the optimal Bellman equation (Bertsekas and Tsit-
siklis 1996). The second one is V-learning proposed by Luckett
et al. (2020), which considered policy iteration with function
approximation. The last one is CQL by Kumar et al. (2020),
which proposed to learn a lower bound of Q-function during
the policy iteration procedure. The last method is driven by the
overestimation of the value function due to the distributional
mismatch between the behavior policy in the batch dataset and
the learned policy. We remark that any valid offline RL method
can be employed here, as long as assumptions in Theorem 2 are
satisfied. See details in Section 4.1.
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3.2.2. Step 2: Q-learning

Second, to estimate nuisance functions in (b), we employ
a Q-learning type algorithm to learn the Q-function Q”élﬁ,
based on the data subset in Zj. Denote the corresponding
estimator by Q®. We then construct the corresponding
estimators for the value and advantage function by VO(@s) =

Y @90 (@5) and A0(a,5) = QV(as) — VO,
©

for any s and a, based on the relation that V™od(s) =
© © ) ©

Y, 7 als) Qo (a, ), ATod(a,s) = Qo (a,s) — V7ol (s).

Consequently, the requirement ), 7 ;ﬁ (a|s)X(z)(a, s) = 0 for
the estimated advantage function is automatically satisfied.

Several algorithms can be used here to estimate the Q-

function Q”éﬁ. Here, we adopt the fitted Q-evaluation evalu-
ation (FQE) method proposed by Le, Voloshin, and Yue (2019).
The following Bellman’s equation forms the basis of all Q-
learning type algorithms: for t > 0,

Ay, S,} .

(13)

) )
Qi (Ar, $)=E {Rt+y Y 4@l S 1) QM (a, Sy1)
a

©
Based on this identity, we estimate Q™old by iteratively computing

=~ . 14 =~
Q) = argming, Y {Ri,t + > mid @S QY (@ Sier)
it a

~QuAin S} (14)
fork = 1,2, ... with anyinitial a(()e)' Several supervised learning
methods can be incorporated here, since (14) is essentially a
regression problem. In our implementation, we employ deep
learning (LeCun, Bengio, and Hinton 2015) to compute a,(f)
during each iteration.

3.2.3. Step 3: Discounted Stationary Probability Ratio
Estimation

We adopt the algorithm developed by Shi et al. (2021) to esti-

mate (c). The procedure is motivated by the following obser-

vation: For any two pairs (i,t) and (/,t) such that O;; and

Oy are independent, we have for any function f such that

EA(0™,f,7;i,8,7,) = 0, where

A(wﬂ af) ;5 i,t, i/: t/) = wﬂ' (Si/,t/) Ai/,t/; Si,l" Ai,t)
{7/ Z 7 (alSy v +1)f (Sip+1> 85 Sies Ai)—f (Si > Ai s Si,t,Az‘,t)]
a

+(1 = Y)f(Sips Airs Sipr Aip). (15)
Conversely, for any o that satisfies EA(w, f, 7;i,¢,7,¢') = 0 for
any f, we have w = w”. See (5) of Shi et al. (2021) for details.

For each function f, an estimating equation for @™ can
be constructed based on (15). Similar to the proposal in Liu
etal. (2018), f can be treated as a discriminator to construct the
following minimax loss function

argmin (16)

N
weQ Sup EA(G) "ld,f, nold; 1, t)l ’t) >
feF
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for some function classes 2 and F. To simplify the calculation,
F is set to a unit ball of a reproducing kernel Hilbert space.
This yields a closed-form expression for the inner maximization
problemin (16). The expectation in (16) is then approximated by
the empirical distributions of the data subset in Z. The parame-
ters involved in w are updated by the stochastic gradient descent
algorithm. To save space, we present the details in Section B.1 of
the supplementary material.

3.2.4. Step 4: Estimation of the Underlying Dynamics

The conditional discounted visitation probability dﬂéﬁ in (d)
is extremely difficult to estimate when the state space is high-
dimensional, as it corresponds to a mixture distribution of state
variables at different decision points. A key observation is that,

o is completely determined by the system dynamics. As long

©
as the transition kernel p can be consistently estimated, d"old can
be well-approximated.

To compute d”éﬁ, in continuous state space, we propose to
use a Gaussian probabilistic model to estimate the transition
kernel p with the use of machine learning models to approximate
the mean and covariance matrix. In particular, we assume the
next state Syy; given the current action-state (S, A¢) follows
a multi-variate Gaussian distribution N (1 (S, Ar), Z(St, Ap)),
where pu and ¥ are the corresponding mean and covariance
matrix functions, respectively. Notice that estimating u is essen-
tially a regression problem, and there are many supervised learn-
ing methods available. In our implementation, we use deep
neural networks to compute ﬁ(@, via

Ti—1

~(¢
,u; ) — argmln Z Z [Sit+1j — 1j(Sits Al

Hi ieTt t=0

where ﬁ@

Sit+1, respectively. Next, let €;,; denote the residual S;;11; —

and S;+1,; denote the jth element of a© and

A(Z (Sit, Air). We employ deep learning again to compute SO,
via

/Z
B0, = g ppin 3 2

JIJZ lEIC t=0

2}1 J2 (i Az’,t)]z)

where ij(gz denotes the (ji, j2)th entry of SO, which is the final
estimator of X, o

To approximate the conditional distribution d”ld (e|a, s) for
any a and s, we can employ the Monte Carlo method and gen-
erate a sequence of pseudo samples { M }1<m<M o<t<T based

on 1®© and S®. We illustrate the details in Algorithm 2. For

any function f, the integral IE e f(S*) can then be
S*~d™old (o|a,s)
approximated by

M T

A—ymM' Z YIS,

m=1t'=

which we denote by ES*~E<4>(.\as)f (§*) where A denotes the
estimated probability density/mass function. We use the aggre-
gated squared total variation distance

(17)

2 (30 dn“>
E(5.4)~ps D1y (d" (0|A,S), d"0ld (oA, S)) (18)

Algorithm 2 Generate pseudo samples to approximate
©
d"d (e|s, a)

Input: Estimators (ﬁ“),f(f)) computed via supervised

learning.
for m = 1to M: do
(a)Set §(()m) = sand Z(()m) =aq

(b)For ¢ = 1 to T, generate Eg,m ) by
N@EOAE Y, SO@M™ 50 ) and randomly

-1
sample A(’") from néﬁ;( |S(m))

Output {St/m h<m=mo<t<1'

)
Algorithm 3 Generate pseudo samples to approximate d”old*”

Input: Estimators (29, £®) computed via supervised
learning.
for m = 1to M: do

(a)Sample S( ™V from v;

(b)For ¢ =

from n(ﬁfg(qs(’")”) and generate generate Sty by

t'+1
N@O A", ", O A, 5).

~ (m),v

0 to T" — 1, randomly sample A,

Output {Sglm)’v}lgmgM,OStST“

to measure its goodness of fit. See Condition (C3) in Section 4 for
details. In Section B.2 of the supplementary material, we show
that when the conditional Gaussian model is correctly specified,
the minimum eigenvalue of ¥ (g, 5) is uniformly bounded away
from zero for any a, s, and X (g, s) is positive definite for any a, s,
(18) is upper bounded by

.3
3?1 4 o1 OB s0po [I1(S7, A7)

—O S AM) [l + |2 (S5, A%) — SO(S%, 49 ||£]%

where O(1) denotes some positive constant. As such d® is con-
sistent as long as T/, M — oo and that the estimated conditional
mean and covariance functions are consistent. We also remark
that the conditional Gaussian model is widely used in the RL
literature for learning the transition function (see e.g., Yu et al.
2020). Alternatively, a conditional Gaussian mixture model can
be employed to mitigate model misspecification (Bishop 1994).

3.2.5. Step 5: Policy Optimization

After obtaining the four key components, we next discuss the
procedure to compute the new policy mnew. We propose to con-
struct the estimator 7] via cross-fitting. Specifically, we estimate
it by

_ 1
M) Zz’Ti;
Ti—1
< A Y (01,78, 7O, 30,50, 30)
i€Zy t=0

(19)



Note that the nuisance functions 7 éﬁ, A0, VO, 50 and d©
are computed based on the data subset in Z; and are independent
of the observations in 7, that are used to construct the estimating
function . Theoretical properties of this estimator are studied
in Section 4.2.

We then propose to learn mpey by solving the following
constrained optimization,

Tnew € argmax, 71 (1),
L
1 (20)
subject to 7 ZES*~2(‘5>NDKL (néﬁ (o|S*),n(o|S*)) <4,
(=1

where d© denotes the distribution of the pseudo samples

{’S’E/m )’U}ISmS Mo<t<T generated according to Algorithm 3.

We remark that when the initial policy néfé is set to

the behavior policy b, the constraint in (20) then requires
the learned policy close to the behavior one in the batch
dataset, which is commonly used in the recently developed
RL algorithms (e.g., Wu et al. 2019). As pointed out by Levine
et al. (2020), one of the fundamental challenges of offline
RL is the out of distribution due to the mismatch between
behavior policy and the target policy. This out of distribution
issue will result in an overestimation for the value function,
therefore, deteriorating the performance of policy learning.
Restricting the learned policies to stay close to the behavior
one can potentially relieve this limitation. In practice, we can
repeat the constraint optimization in (20) several times by
setting all the initial policies néﬁ for £ = 1,...,L to mpew
obtained from the previous iteration. This guarantees that the
final estimated policy achieves a fast convergence rate. Finally,
we remark that our method is not overly complicated compared
to the existing state-of-the-art RL algorithms and indeed quite
flexible. Although we require to learn a number of components
and use deep learning models in our numerical experiments
below, these components can be alternatively estimated via
much simpler methods (e.g., parametric models, sieve methods
or kernels). In this case, our proposed algorithm becomes more
accessible.

4, Theory

In this section, we systematically study the theoretical properties
of our algorithm. In Section 4.1, we establish the properties
of our estimated optimal policy. In Section 4.2, we show the
proposed first-order value difference estimator 7 is efficient.
To simplify the theoretical analysis, we assume T} = -+ =
Tn = T. All the asymptotic results are derived when either the
number of trajectories N, or the number of decision points T,
diverges to infinity. Results of this type provide useful theoretical
guarantees for a variety of applications in reinforcement learn-
ing. We refer to theories of this type as bidirectional theories.
We also allow the state-action space, the transition matrix p,
the reward function r and policy class IT to depend on N and
T. Consequently, the optimal policy, the Q function and the
discounted visitation probability are allowed to vary with N
orT.
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4.1. Properties of the Estimated Optimal Policy

We first show in Theorem 1 that the value difference between
the new and the old policy is O(+/8) where 8 corresponds to
the threshold in the trust region constraint (20). Consequently,
by setting § — 0, we can guarantee that the new policy is
asymptotically no worse than the old one on average.

Theorem 1. [V(tpew) — L7105 VSDI < O(1)+/8 where
O(1) denotes some positive constant.

We remark that Theorem 1 does not require any conditions
on the estimated nuisance functions /Q\(E), @®, and d©. Nor
does it require néﬁ; to converge to an optimal policy 79!, In
addition, Theorem 1 holds deterministically even if the policy
néﬁi is data-dependent. See Appendix A.1 for more details.

Note that N x T corresponds to the total number of decision
points. We next consider the scenario where the input policy
néﬁ is close to P! in the sense that V(nég) = V(@) +
O{(NT)~*0} for some constant Ky > 0. This implies that JT(ES is
consistent to 77 °P' as either N or T diverges to infinity. We further
assume V(r*) = V(%) 4+ 0(1), as NT — oo. Recall that 7 * is
defined as the optimal in-class policy that maximizes the value
among IT. In other words, the value under the optimal in-class
policy approaches to the optimal value function as the sample
size increases (because the size of policy class also increases).
To simplify the theoretical analysis, we assume 7°P* € IT such
that 7* = 7°"'. Meanwhile, our theories are equally applied
to settings where 7°P' ¢ TI but the value difference V(7*) —
V(7 °P') converges at a sufficiently fast rate. This assumption is
reasonable in practice when we either have domain knowledge
on the parametric form of 7 °P* or use function classes with the
universal approximation capabilities (e.g., neural networks) to
parameterize I1. To establish the value enhancement property,
we need the following set of conditions.

(C1) Suppose Eqisp [QP(A,S) — Qu(4S)]2 = O,
{(NT)~21} for some constant k; > 0. In addition, 6(5) is
uniformly bounded almost surely.

(C2) Suppose ]E(A,S),(Z,E)Npoc 1O @, S;A,8) — a)”éﬁ (Z’g;f}:“i),l
= Op{(NT)_Z’Q} for some constant k; > 0, where (A,S)
and (4, S) denote two independent state-action pairs generated
according to peo. In addition, ®® is uniformly bounded almost
surely.

(C3) Suppose E(as~po. |Dry(d™d (o] 4,5),d0 (s]4,5))> =
Op{(NT)’Z’“} for some constant k3 > 0.
(C4) Suppose IT corresponds to certain VC type function class
(Chernozhukov, Chetverikov, and Kato 2014) with VC indices
upper bounded by O{(NT)**} for some constant 0 < k4 <
where « is defined below.
(C5) The optimal policy is unique. In addition, there exist some
positive constants «, ¢, € such that Pr(—e < A" o (a,8*) <0) <
ce“ foranya € Aand 0 < € < €, where the random variable S*
is distributed according to d” Py,
(C6) The process {(St, At, Re) }i>0 is exponentially S-mixing.
Conditions (C1)-(C3) characterize the theoretical require-
ments on the learners in (a)-(c), respectively. In particular,
(C1)-(C2) require the squared prediction losses of the estimated

o
a+1’
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Q-function and the conditional probability ratio to satisfy cer-
tain convergence rates, whereas Condition (C3) assumes the
squared total variation norm between the transition function
and its estimator to satisfy a certain convergence rate. If some
parametric models are imposed to learn Q™°l, w™ld and the
transition matrix p, we have k; = k» = k3 = 1/2. In our setup,
we only require «j, + ki, > 1/(2 + 2w) for any disjoint i;, i, €
{1,2, 3}. See the statement of Theorem 2. This condition holds
when minjeq1 23y k; > 1/(4 + 4o) and thus is achievable for
many nonparametric estimators. It is also strictly weaker than
those imposed in the recent literature that require the nuisance
function to converge at a rate faster than (NT) ~'/ for off-policy
value evaluation (e.g., Kallus and Uehara 2019). For example,
when the kernel smoother (Feng et al. 2020), sieve method
(Shi et al. 2020b; Chen and Qi 2022) or deep neural networks
(Fan et al. 2020b) are used to approximate the Q-function it
can be shown that under some technical conditions, (C2) holds
with k7 = B1/(2B1 + ds) and By > ds/2 where ds denotes
the dimension of the state space and f8; denotes the Holder
exponent that characterizes the smoothness of the Q-function.
Similar result (i.e., optimal nonparametric convergence rate)
can be obtained for the (conditional) probability ratio function
(Wang et al. 2021). As discussed in Section 3.2.4, when T’ and
M are sufficiently large, (C3) essentially requires the estimated
mean and covariance functions in the conditional Gaussian
model to converge at a rate of (NT) 3. Under some regularity
conditions, an optimal nonparametric convergence rate can also
be achieved.

Condition (C4) is mild as the policy class IT is pre-specified.
When alinear policy class is employed, we have k4 = #s where #s
denotes the number of parameters used to index the policy class.
When IT is set to some deep neural networks, the corresponding
VC-dimension is also available in the literature (see e.g., Harvey,
Liaw, and Mehrabian 2017).

The uniqueness of the optimal policy (C5) is commonly
assumed in the literature (Ertefaie and Strawderman 2018; Luck-
ett et al. 2020). The second part of (C5) is closely related to
margin-type conditions commonly used to bound the excess
misclassification error (Tsybakov et al. 2004; Audibert and Tsy-
bakov 2007) and the regret of individualized treatment regimes
in point treatment studies (Qian and Murphy 2011; Luedtke and
Van Der Laan 2016; Shi, Lu, and Song 2020).

To better understand the margin condition in (C5), we first
observe that AT (a,s) < 0forany a and s. To elaborate this, we
note that 77 °P* maximizes V7 (s) for any . Consider the follow-
ing history-dependent policy 7 °P*(a) that assigns a at the initial
decision point and follows 7°' in the subsequent steps. The
value under such a policy is given by Q7 *(a,s). It follows that
Q" or (a,s) < V& oF (s), or equivalently, A" or (a,s) < 0foranya
and s. The equality holds only when a = argmax, Q" (d,s).
The argmax is well-defined by the uniqueness of the optimal pol-
icy. For a # argmax, Q" (d,s), the advantage function cor-
responds to the value difference between 7 °P'(a) and 7 °Pt. The
smaller the difference, the harder it is to identify the optimal pol-
icy. To ensure 7P can be consistently identified, it is thus rea-
sonable to assume Pr(0 < |A°P'(a, $*)| < €) decays to zero with
€ as well. (C5) explicitly characterizes such dependence. For
example, when the action space is binary, let 7 (s) denote the con-

trast function, thatis, t(s) = Q" o (1,5)—Q" " (0,5). Itis imme-
diate to see that A" (0,s) = min(—1(s),0) and A”om(l, s) =
min(7(s),0). Thus, the second part of (C5) essentially requires
Pr(0 < |7(S*)| < €) < ce“, which is automatically satisfied with
o = 1 when 7(§*) has a bounded probability density function.
More generally, it holds when |7 (§*)|* has a bounded probability
density function. For instance, suppose both the initial reference
distribution v and the Markov transition function have bounded
density functions on (0, +00). Then, the distribution of §*, that
is, the mixture distribution of {S},>¢ with weights {(1—y)y'}t>0
has a bounded probability density function as well. Suppose
the state is one-dimensional and 7(§*) = (§*)Y/®. Then it
is immediate to see that |7(5*)|* has a bounded probability
density function. Finally, when |7(§*)| is uniformly bounded
away from zero, then (C5) holds with @ = +o00. We will see in
Theorem 2 that the convergence rate of 7,y depends crucially
on the margin parameter «.

Assumption (C6) characterizes the dependence of the data
observations over time. It essentially requires the S-mixing coef-
ficient (see e.g., Bradley 2005, for a detailed definition) at lag g,
which measures the time dependence between the set of vari-
ables {(Sj, Aj, Rj)}j<¢ and {(Sj, Aj, Rj)}j>t+4> to decay to zero at
an exponential rate with respect to q. This assumption automat-
ically holds when {(S;, A, R¢) }+>0 forms a geometrically ergodic
Markov chain. Geometric ergodicity is less restrictive than those
imposed in the existing reinforcement learning literature that
requires observations to be independent (see e.g., Degris, White,
and Sutton 2012; Farahmand et al. 2016) or to follow a uniform-
ergodic Markov chain (see e.g., Bhandari, Russo, and Singal
2018).

Theorem 2 (Value Enhancement Property). Suppose (C1)-(C6)
hold. If the constants k1, k2, k3 satisfy ki, + i, > 1/(2 + 22)
for any disjoint i1, i, € {1,2,3}, and that V(7 °P') — V(rréﬁ) =
Op{(NT)~*0} for any ¢, we have V(7°P") — V(7Tpew) = E1 + Ez

ko(a+1)
where E} = Op{(NT)™ " e¥T }, E; = op{(NT)—l/Z}_

Theorem 2 states that the value difference V(7r°P') — V(i pew)
can be decomposed into two terms. Here, the first term E;
describes how the input policy moq takes effect. It is due to
the presence of the higher-order remainder term 1, (s, 7o4)
resulting from the first order approximation of the value dif-
ference V() — V(moq). The second term E, is due to the
estimation error of the 11 (77, o14). In the typical multiply robust
setting, it often requires that x;, + k;, > 1/2 so that the bias
of estimating 1 (7, wo1q) is op{(NT)_l/ 2}. In Theorem 2, since
we require slower rates for nuisance parameters, the proposed
value difference estimator for 1; (7, mweq) may converge slower
than the 1/2-root. However, the value enhancement property
can still be established under such a slower rate requirement.
This is due to that Theorem 2 is concerned with the conver-
gence rate of the estimated optimal policy 7pew in terms of
the value instead of the rate of the proposed value difference
estimator (denoted by 771 (7pew)). In particular, the convergence
rate of ey in terms of the value is primarily determined by the
difference between 71 (7yew) and 71 (7 °PY) (see Page 12 of the
supplementary material), which converges at a faster rate than
1 (Tnew) itself. This is because 7y is consistent to the optimal



®y _

policy implied by the condition that V(z°P") — V(rr,j) =

Op{(NT)™).

When ky < 1/2, it can be seen that the value under the
output policy converges at a faster rate than the input policy,
leading to the desired “value enhancement property”. One can
repeat the one-step update multiple times to guarantee that the
value of the estimated optimal policy converges at a rate of
0p{(NT)~1/2}. When the initial policy already converges faster
than the parametric rate (e.g., ko > 1/2), then our proposal
is not guaranteed to yield a better policy in theory. However,
as shown in our empirical studies (see Section 5), the values
of the proposed policies are often larger than those computed
via state-of-the-art RL algorithms. This suggests that although
these initial policies are consistent, they might converge at a
suboptimal rate and have room for improvement.

4.2. Efficiency of the Value Difference Estimator

In this section, we show that conditional on néﬁi, the proposed

estimator for 1 (7, néﬂ), that is,

- 0) 1
T,TT = —
n( old) TIZ,|
T-1
0 S Y () S
% Z Z W(Oi,t;ﬂ'aﬂ'élcia V“),A“),w“),d“)) ,
ieZy t=0

is nearly unbiased to nl(n,néﬁ) and its asymptotic variance
matches this efficiency bound. The notion of efficiency bound
can be found in Section A.4 of supplementary material. Conse-
quently, 771 is efficient.

Let p denote the conditional distribution of (R, S¢+1) given
(A4, Sp). For any given 7 and 7,4, we note that 71 (7, woq) is
completely determined by the transition function p. Let {pg, :
01 € ©,} be a regular parametric submodel for p. This requires
Po, to be a transition matrix for any 6 and p = pg: for some
0¥ € ©1. Similarly, let {bs, : 6, € ©,} and {ip, : 03 € O3}
be regular parametric submodels for the behavior policy and
the initial state distribution, respectively. Let 6 = (61, 6,,63)
and 6* = (05,65,65) where 6] and 65 correspond to the true
parameters in ®, and ®3. Under a given submodel indexed by
0, the log-likelihood function of a single data trajectory can be
written as

T
L1({O¢}1;0) = log |:1793 (So) H{I_)el (Rt, St+11A¢, St) ba, (At|St)}:| .
t=0

Note that n; can be defined as a function of 6 as well. We define
the efficiency bound as

EB(Zel, T) = | T sup Vo (6°)
-1
x {EVstr((0056*)Vy tr((0ns6)
x Vg m(©"),

where the supremum is taken over all regular parametric sub-
models, and Vyg(6’) denotes the derivative of a function g with
respectto 0, evaluated at® = 0’. As discussed before, n; depends
on 6 only through 6;.
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Theorem 3. Suppose the conditions in Theorem 2 holds with
ki, +ki, > 1/2foranydisjoint iy, i € {1,2,3}. Then conditional

on (58, we have for any 7 that

~ {4 14
m(n,néﬁ)—m(n,ﬂélﬁ) 4 N
VEB(Z,,T) n

Theorem 3 implies that 77 is asymptotically unbiased with
asymptotic variance EB(|Z¢|, T). This demonstrates the effi-
ciency of the proposed estimator.

5. Numerical Examples

In this section, we use one toy example and real data related
studies to demonstrate the superior performance of our method.
Specifically, in Section 5.1, we use a toy example to demonstrate
the multiple robustness of our estimator and the value enhance-
ment property. We then demonstrate the performance of the
proposed method on OhioT1DM related datasets in Section 5.2.
In Appendix D, we conduct another simulation study to illus-
trate the finite-sample performance of our algorithm compared
with several existing methods.

5.1. A Toy Example

We design a toy example to illustrate the multiple robustness
of our estimator and the desired value enhancement property.
Consider a binary state space S = {0, 1}, where Sy takes value
0 with probability 0.4 and otherwise. The action space A takes
values in {0, 1}. The reward function is defined as r(a,s) =
I(s = a), and then the reward is generated according to R; =
r(At, St)+e; where {e;}o<:<T is a sequence of iid N (0, 2) random
errors. The transition matrix of p(§'|A, S) and behavior policy
can be found in Section D of the supplementary material.

In this tabular case, the oracle values of Q”, ", and p can
be simulated using Monte Carlo methods. To demonstrate the
triply robustness property, we will add some random errors on
Q", »", or p to make them biased. Then we compute 1; with
these nuisance functions and obtain the resulting estimated opti-
mal policy via our proposed algorithm. Specifically, we consider
the following five combinations of nuisance function estimators:
(i) “origin™ all the nuisance functions are set to their oracle
values. (ii) “modl1”: @™ is set to a biased value, while other
nuisances are oracle; (iii) “mod2”: Q7 is set to a biased value,
while other nuisances are oracle. (iv) “mod3”: The transition p
is set to a biased value, while other nuisances are oracle. (vi)
“mod4”: all nuisance functions are set to bias values. Details of
these scenarios can be found in Section D of the supplementary
material.

To summarize, Scenario (i) corresponds to the oracle setting
where all the nuisance functions are correctly specified. In Sce-
narios (ii)-(iv), one of the nuisance functions is misspecified. In
the last scenario, all the nuisance functions are misspecified. We
also vary the initial policy to investigate the value enhancement
property. In particular, we represent the initial policy 7oq using
a2 x 2 matrix and consider the following parameterization,

Nold=( A=0 A=1S=0 « 1—«kS=1 1-« /c),
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Figure 1. Values of estimated policies in a toy example. First row represents results using (T, N) pair as (30, 30) while the second row using (50, 50). The three columns
represents initial policy factor « taking values 0.8, 0.5, 0.2, respectively. The horizontal axis represents the number of iterations used in our value enhancement procedure.
When iteration equals zero, we plot the evaluation value for the initial policy. The optimal value is 10 and § is fixed to 0.1. The confidence band is computed based on 100

replications.

for some k € [0, 1]. According to our data generating mecha-
nism, x = 0 corresponds to the optimal policy. The closer « is
to 1, the worse the initial policy is. We consider three choices of
k, corresponding to 0.2,0.5, and 0.8. This yields three different
initial policies. We further consider two choices of sample size,
N = 30,T = 30 and N = 50,T = 50. This yields a total of
5 x 3 x 2 = 30 settings. y is set to 0.9. It can be shown that
the optimal value V(77 °") equals (1 — y)~! = 10. Finally, we
consider three choices of § (see (20)), corresponding to 0.05, 0.1
and 0.2, respectively.

Results are reported in Figures 1, S1, and S2 (see Appendix
D in the supplementary article). All values of estimated policies
are computed via Monte Carlo simulations. It can be observed
that in Scenarios (i)-(iv), our proposed algorithm using models
in (i)-(iv) substantially improves the performance of the initial
policy, demonstrating the desired value enhancement property.
In particular, when either one of nuisance functions models is
misspecified, the proposed method remains valid. This empiri-
cally verifies the triply-robustness property.

In addition, when all models are misspecified, the proposed
method is not guaranteed to improve the value. Specifically,
in the first two columns, the proposed method under “mod4”
improves the initial policy after a few iterations. In the last
column, however, values of the estimated policies are smaller
than the initial one. We suspect that this is because under model
misspecification, our procedure may converge to a suboptimal
policy whose value is bounded between the value of the ini-
tial policy in the second column and that in the last column.
Consequently, when the existing policy given by other methods
is already close to the optimal, using inconsistent estimators
of nuisance functions could possibly degrade the performance.
Finally, under settings where the initial policy is very different

from the optimal one (i.e., the first columns of Figures 1, S1, and
S2 in Appendix D), it requires more iterations and a larger § for
our method to achieve a larger value. In contrast, when the initial
policy is close to the optimal one, fewer iterations are needed and
a smaller § would be preferred. For instance, it can be seen from
the third column of Figure S2 in Appendix D that when § = 0.2,
the values of the estimated policies using models in (ii) and (iii)
decrease at the third iteration.

Finally, to further demonstrate the advantage of the proposed
method, we use lookup tables (e.g., linear models with table
lookup features) instead of deep learning models to parameter-
ize all nuisance functions (including the Q-function, the prob-
ability ratio and the transition kernel), and apply the proposed
method to this toy example. Results are reported in Figure S3
of the supplementary material. It can be seen that the pro-
posed method is still able to improve the performance of initial
policies.

5.2. Application to the OhioT1DM Related Datasets

There is an increasing interest in applying RL algorithms to
mobile health(mHealth) applications. In this section, we con-
ducted two analyses based on the OhioT1DM dataset. In the first
analysis, we generate synthetic data to mimic this real dataset
and apply our method to the synthetic dataset. In particular, we
use the simulation environment designed in Section 5.2.2 of Shi
et al. (2020a) for the data generation. In the second analysis, we
apply our method to the real dataset.

The OhioT1DM dataset contains continuous measurements
for six patents with type 1 diabetes over eight weeks. The
state S; consists of three states, corresponding to the average
blood glucose levels, the carbohydrate estimate for the meal
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Figure 2. Values of various policies in the real data based simulation study. The initial policies are computed by CQL and FQI. The first row represents results using y = 0.9
while the second row using y = 0.95. The optimal values are equal to —24.32 and —28.79, respectively (shown by the read dash line). Three columns represents using
(T, N) pair as (25, 100), (50, 50), (100, 25), respectively. The confidence band is computed based on 100 replications.

and the exercise intensity, respectively. The action A is the
amount of insulin doses. We discretize the action space and
consider five actions, that is, A = {0,1,2,3,4} from no to
high doses of insulin. The Markov test developed by Shi et
al. (2020a) suggests that the data are likely to satisfy a 4th
order Markov property, so we reconstruct the state variable
St = (Si—3,Ar—3,S—2,Ar—2,Si—1, Ar—1, S¢) by concatenating
past measurements to meet the Markov assumption. This yields
to a 15-dimensional state vector. The reward R; is defined as the
Index of Glycemic Control that is a deterministic function of the
average blood glucose levels during the time interval [¢,t 4 1).

We first apply the proposed method to the synthetic datasets.
We use FQI and CQL to compute the initial policy. We did not
implement V-learning (VL) here since it requires large com-
putational costs when the dataset is large. In Figure 2, it can
be seen that we are able to achieve near-optimal policies after
iterating the proposed algorithm three times. The estimated
optimal policy achieves larger values than the initial policies in
all cases. The improvement is substantial when 74 is not very
close to the optimal policy.

We next apply our method to the real dataset. In order to
evaluate the estimated optimal policy, we split the data into
training and test datasets. After obtaining estimated optimal
policies on the training data, we apply FQE on the test data to
compute the policy values of all these estimated policies. Figure 3
reports these values. It implies that the proposed algorithm
will yield a policy with larger value after 2-3 iterations. Lastly,
we apply the estimated optimal policy based on the proposed
algorithm to the whole dataset, with the initial policy computed
by CQL. The overall proportion of recommending each action
(A=0,1,...,4)byour estimated policy is 15.2%, 0.5%, 2%, 6%,
and 76%, respectively. The results imply that our estimated
policy recommends the largest dose in most scenarios, with a

certain proportion of recommending not receiving any insulin
doses.

6. Discussion

In this article, we propose a value enhancement policy optimiza-
tion method for offline RL problems. One of the key ingredients
of the proposed methodology lies in developing a triply robust
estimator for the first-order linear term n; which measures the
difference between any two policies. There is a rich line of
research on multiply robust estimators in causal inference. For
instance, Tchetgen Tchetgen and Shpitser (2012) proposed triply
robust estimators of the marginal natural indirect and direct
effects in causal mediation analysis. Wang and Tchetgen Tchet-
gen (2018) and Shi et al. (2020c) developed triply robust estima-
tors for the average treatment effect using instrumental variables
and double negative control variables, respectively. Jiang, Yang,
and Ding (2020) proposed triply robust estimators for the causal
effects within principal strata. Our proposed estimator shares
similar statistical properties to these estimators in that its con-
sistency only requires two out of three nuisance functions to be
correctly specified. In addition, it is efficient when all functions
are correctly specified and satisfy certain convergence rates.
Based on the triply robust estimator, we propose to search
an optimal policy that maximizes the value difference subject
to a trust region constraint, and iterate this procedure for value
enhancement. We discuss the choice of the number of itera-
tions and the computation time of our proposal in Section E of
the supplementary material. Finally, the proposed method can
be used as a stand-alone policy iteration algorithm that starts
with a completely random initial policy and iteratively updates
this policy to improve its performance. However, the resulting
algorithm can be computationally intensive in practice, since it
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Figure 3. Values of various policy computed based on the real dataset. The initial policies are computed by CQL and FQlI. Left figure corresponds to the result of y = 0.9
while the right one considers y = 0.95. The policy values are computed by cross-validation procedure and the confidence band is computed based on 100 replications.

might require a large number of iterations to achieve a near-
optimal policy.

Supplementary Materials

The supplementary materials provide proofs for all technical lemmas,
theorems, corollaries, details on the proposed algorithm, and additional
numerical studies.
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